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We write down Boltzmann equation for massive particles in a spatially curved FRW universe and
solve the approximate line-of-sight solution for evolution of matter density, including the effects
of spatial curvature to the first order of approximation. It is shown that memory of early time
gravitational potential is affected by presence of spatial curvature. Then we revisit Boltzmann
equation for photons in the general FRW background. Using it, we show that how the frequency of
oscillations and damping factor (known as Silk damping) changed in presence of spatial curvature.
At last, using this modified damping factor in hydrodynamic regime of cosmological perturbations,
we find our analytic solution which shows the effects of spatial curvature on growing mode of matter
density.
I. INTRODUCTION
It is believed that all of the current data are fitted pretty well with a flat FRW universe. The latest data (Planck
2018 temperature and polarization of power spectra [1]) indicates a constraint that ΩK = −0.044+0.018−0.015. In spite
of the fact that flat FRW universe is strongly supported by different cosmological observations, but constraint on
spatial curvature assumes a specific cosmological model. This means that most of this results are cosmological model
dependent. Many model independent methods to measure the spatial curvature of the universe are proposed [2–5].
These results shows that non-zero ΩK can not be easiliy ruled out by current observations. In addition, there are
vast majority of study to constraint topology of the universe using cosmological data [6–9]. Beside this practical
concerns, from the theoretical perspective it is also interesting to know how the topology of the universe can affect
our cosmological phenomena. Furthermore, data indicates a positive cosmological constant, which leads to a de Sitter
universe for vacuum solutions. Knowing that from all the de Sitter solutions only the Lorentzian de Sitter spacetime
which is spatially closed, is maximally symmetric, maximally extended and geodesiclally complete, increased our
theoretical interests for studying cosmology around this background [10]. It’s well-known that spatial curvature
causes shifts of angular scale of acoustic peaks, change primordial spectrum and evolution of long wavelength modes
through Integrated Sachs-Wolf effect. In this work we want to show that how spatial curvature affects evolution of
matter density by studying relativistic Boltzmann equation for matter. We drive an analytical formula that shows
how frequency and damping of acoustic oscillations are affected by spatial curvature. Especially, we try to give
an analytical solution to our equations so that we can have a clear interpretation and perception about behavior
of spatial curvature in our solutions. In section II we write relativistic Boltzmann equation for dark matter for a
spatially curved background. We find an integro-differential solution for zeroth moment of it which gives evolution of
matter density. In section III by writing relativistic Boltzmann equation for photons we find the effects of curvature
on damping parameter and oscillation frequency. In section VI we use the derived damping factor in hydrodynamic
limit of cosmological perturbation to show how spatial curvature affects the growth of matter density and especially
the ripples of Baryon Acoustic Oscillations. In the last section we summarize our results and give some comments.
Throughout this paper we use −+++ signatures. Greek alphabets is set for 4 dimensional indices and Latin alphabet
for 3 dimensional ones.
II. RELATIVISTIC BOLTZMANN EQUATION FOR MATTER
Through out this paper we assume a background of general curved FRW universe with the metric :
g¯00 = −1, g¯0i = 0, g¯ij = a2γij (1)
where γij is the 3-dimensional spatial metric. In a semi-Cartesian coordinate it can be written as:
γij = δij −Kxixj (2)
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2where K is the constant of curvature of the spatial metric. There is a useful relation for spatial metric in semi-Cartesian
coordinates which helps us to simplify the following calculations:
γii
′
γjj
′
∂kγi′j′ = −∂kγij (3)
Furthermore, the non vanishing components of the Christoffel’s connection of the metric are:
Γ¯kij =
1
2
γkl (∂jγli + ∂iγlj − ∂lγij) (4)
Γ¯j0i = Hδ
j
i (5)
Γ¯0ij = a
2Hγij (6)
We define the four-momentum of dark matter particles as:
pµ = m
dxµ
dτ
(7)
In this way, the particle’s four-momentum is related to particle’s velocity by dx
i
dt =
pi
p0 and zeroth component of four
momentum would be p0 =
√
m2 + gijpipj. To write down the Boltzmann equation, we should define the number
density of the particles as function of Cartesian coordinates xi, momenta pi and time t which are the usual phase
space parameters of a system of particles. Note that here we use lower index pi only because the later calculations
are less complicated in terms of them . With the help of geodesic equation, we get:
dpi
dt
= ∂igmn
pmpn
2p0
(8)
Because the interactions of the cold dark matter particles are only restricted to the gravitational interaction, number
density of cold dark matter satisfies collisionless Boltzmann equation, which is nothing but the fact that number
density is conserved in phase space. After applying chain rules and with the help of (8) we will have:
d
dt
n(xi, pi, t) = ∂tn(x
i, pi, t) +
pk
p0
∂kn(x
i, pi, t) +
plpm
2p0
∂kglm
∂n(xi, pi, t)
∂pk
= 0 (9)
Then, we write the metric perturbations around this background as:
gij = a
2γij + δgij , g
ij = a−2γij − a−4δgij (10)
where the covariant and contravariant forms of the metric perturbations in the above definitions, are related in this
way:
δgij = γii
′
γjj
′
δgi′j′ (11)
After linearizing the zeroth and i-th components of 4-momenta of the particles with respect to the metric perturbation
we get:
p0 =
√
m2 + p2/a2
(
1− a
−4pipjδgij
2(m2 + p2/a2)
)
(12)
pi = a−2γijpj − a−4pjδgij (13)
in which p is defined as p ≡√γijpipj . The number density of the particles can be written as its background value
plus perturbed number density where the background number density is function of a
√
gijpipj :
n = n¯
(
a
√
gijpipj
)
+ δn(xi, pi, t) (14)
The factor a(t) is included in its argument so that n¯(p) becomes time independent. After linearizing the background
number density in terms of metric perturbations, we get:
n¯ = n¯
(
a
√
gijpipj
)
= n¯(p)− n¯′(p)pipjδg
ij
2a2p
(15)
3After straightforward but tedious calculations it can be shown that:
pk
p0
∂kn¯+
plpm
2p0
∂kglm
∂n¯
∂pk
= 0 (16)
Putting the above number density in Boltzmann equation (9) and using (16), we would have our Boltzmann equation
for perturbed number density:
∂tδn+
a−2γijpj√
m2 + p2/a2
∂δn
∂xi
+
a−2K~x.~ppk√
m2 + p2/a2
∂δn
∂pk
= n′(p)
pipj∂t
(
a−2δgij
)
2p
(17)
The Fourier expansion of the scalar modes in a spatially closed universe can be written in the following form:
δn(xi, pi, t) =
∫
d2qˆ
∑
q
eiq arccos(qˆ.~x)√
1− (qˆ.~x)2 δn(q, qˆi, pi, t) (18)
where q = 3, 4, ... which is the well-known fact that wave numbers are discrete in spatially closed universe. In the
same way, we can expand the metric perturbation, δgij . Putting these modes expansion back in Boltzmann equation
(17) and working in limit of x≪ 1, the equation (17) takes this form,
∂tδn(qi, pi, t) +
a−2√
m2 + p2/a2
Oδn(qi, pi, t) = n¯
′(p)
2p
pipj∂t
(
a−2δgij(qi, t)
)
(19)
where qi = qqˆi and we define the differential operator O as:
O ≡ i~q.~p+ iKpkpl ∂
2
∂pk∂ql
(20)
From now till the end of this section, we omit the arguments of the perturbation parameters, so that are relations
looks much simpler. But we should note that these perturbations are in Fourier space. The integral solution of above
differential equation has the following form:
δn =
∫ t
t1
dt′exp
[
−
∫ t
t′
dt′′
1
a2(t′′)
√
m2 + p2/a2(t′′)
O
]
n¯′(p)
2p
pipj∂t
(
a−2δgij
)
(21)
By taking different moments of number density, we can get each components of energy-momentum tensor. Here we
we only use its zeroth moment which is :
T 00 =
1√−g
∫
d3p (p0n) (22)
At the end, the fluid parameters can be extracted from different components of energy-momentum tensor,
δT 00 = −δρ.
In this section, we want to choose the metric perturbations in Newtonian gauge. Because the form of our solutions
will be simpler in this gauge. From Scalar-Vector-Tensor decomposition, we know that our perturbed equations do
not mix different types of perturbations. Because our goal is to derive matter density, it is just enough to focus on
scalar part of the metric perturbations:
ds2 = −(1 + 2Φ)dt2 + a2(1− 2Ψ)γijdxidxj (23)
From ij component of Einstein perturbed equation, it is easy to see that in the absence of scalar stress tensor, Πs, the
Newtonian potentials Φ and Ψ are equal.
Here, the metric perturbation, Φ, behaves as a source on the right hand side of equation (19). To first order in metric
perturbation we would have,
√−det(g) = a3√
1−Kx2 (1−2Φ) ≈ a3(1−2Φ) . Also the parameters p0 and n¯ are perturbed
as (12) and (15). Inserting the integral solution of number density in (22) we will find:
δρ =
1
a3
∫
d3p(− n¯(p)Φ√
m2 + p2/a2
(2m2 + 3p2/a2)− n¯′(p)Φp
√
m2 + p2/a2
+
√
m2 + p2/a2
∫ t
t1
dt′exp
[
−
∫ t
t′
dt′′
1
a2(t′′)
√
m2 + p2/a2(t′′)
O
]
n¯′(p)p∂tΦ)
(24)
4After using by part in the second integral, it will be simplified like this,
δρ =
1
a3
∫
d3p
√
m2 + p2/a2
(
−n¯(p)Φ +
∫ t
t1
dt′exp
[
−
∫ t
t′
dt′′
1
a2(t′′)
√
m2 + p2/a2(t′′)
O
]
n¯′(p)p∂tΦ
)
(25)
Using (22) and after linearizing the (25) in terms of K, δρ can be written as:
δρ = −ρ¯Φ + 1
a3
∫
d3p
√
m2 + p2/a2
∫ t
t1
dt′exp
[
−
∫ t
t′
dt′′
i~q.~p
a2(t′′)
√
m2 + p2/a2(t′′)
]
(
n¯′(p)p∂t′Φ− iK ~p.~q
q
(p2n¯′′(p) + pn¯′(p))∂t′Φ′
∫ t
t′
dt′′
a(t′′)2
√
m2 + p2/a(t′′)2
)
(26)
Here the prime over Φ indicates derivative with respect to wave number q. The momentum space volume element
in the limit of small scales can be written as, d3p = p2dpdzdφ, where z = ~p.~qqp , is the cosine of angle between ~p and
~q, φ is azimuthal angle of ~p with respect to ~q. So we can re-parametrize the integral solution in terms of these new
parameters:
δρ =− ρ¯Φ+ 2π
a3
∫ ∞
0
p2dp
∫ 1
−1
dz
√
m2 + p2/a2
∫ t
t1
dt′exp
[
−
∫ t
t′
dt′′
iqpz
a(t′′)2
√
p2/a(t′′)2 +m2
]
(
n¯′(p)p∂t′Φ−
∫ t
t′
dt′′
iKzp2
a(t′′)2
√
p2/a(t′′)2 +m2
(pn¯′′(p) + n¯′(p))∂t′Φ′
) (27)
Doing this integral solution in general is very complicated, but it will have much more simpler form in non relativistic
limit where p2/a2 ≪ m2, which is a permissible assumption for cold dark matter particles:
δρ =− ρ¯Φ+ 2π
a3
∫
dpp2
∫
dz
∫ t
t1
dt′exp
[
− iqpz
m
∫ t
t′
dt′′
a2(t′′)
](
mn¯′(p)p∂t′Φ− iKzp2(pn¯′′(p) + n¯′(p))∂t′Φ′
∫ t
t′
dt′′
a(t′′)2
)
(28)
Also we should note that in the non relativistic limit, the rate of oscillation in the above exponential is much smaller
than the rate of oscillation in metric perturbation, Φ [13]. So we can pull back the time derivative to the whole of the
argument:
exp
[
− iqpz
m
∫ t
t′
dt′′
a2(t′′)
](
mn¯′(p)p∂t′Φ− iKzp2(pn¯′′(p) + n¯′(p))∂t′Φ′
∫ t
t′
dt′′
a(t′′)2
)
≈ ∂t′
(
exp
[
− iqpz
m
∫ t
t′
dt′′
a2(t′′)
](
mn¯′(p)pΦ− iKzp2(pn¯′′(p) + n¯′(p))Φ′
∫ t
t′
dt′′
a(t′′)2
)) (29)
Using this fact, we can simplify δρ in this manner:
δρ = −ρ¯Φ+2π
a3
∫
dpp2dz
(
mn¯′(p)pΦ(t)− e−
iqpz
m
∫ t
t1
dt′′
a2(t′′)
(
mn¯′(p)pΦ(t1)− iKzp2(n′′(p)p+ n′(p))Φ′(t1)
∫ t
t1
dt′′
a2(t′′)
))
(30)
with the help of by part in the first term of the above integral and using the fact that mNa3 ≡ ma3
∫
4πp2dpn¯ = ρ¯ and
after integration over z, we get:
δ ≡ δρ
ρ¯
= −2Φ + S (31)
S ≡ mΦ(t1)Nωq(t)
∫
p2dpn¯′(p)Sin(
pωq(t)
m
)− KΦ
′(t1)
N q
∫
p3dp(n¯′′(p)p+ n¯′(p))
(
Cos(
pωq(t)
m
)− Sin(
pωq(t)
m )
pωq(t)
m
)
(32)
5where the parameter ωq(t) is defined as:
ωq(t) ≡
∫ t
t1
qdt′′
a2(t′′)
(33)
In the absence of spatial curvature, the second term can be interpreted as memory of the gravitational field at early
times. An effect like this find in [13] for gravitational waves, where they show that the presence of dark matter
affects propagation of gravitational wave by its memory at the time of emission. Here it can be seen that the spatial
curvature modified this memory as the second term of (32). The function S(t) is a transient function that goes to
zero exponentially at late time, when dark matter particles travel a distance larger than mode’s wavelength, or in
other words when
pωq(t)
m ≫ 1. To clarify this fact, let us assume that n(p) has familiar Maxwell-Boltzmann form of:
n¯(p) = Ae−
p2
2P2 (34)
and we set the normalization constant to A =
√
2
π
N
4πP 3 so that
∫
d3pn¯ = N , where P is an arbitrary constant.
Then after performing by parts and doing integration over p we will end up with:
S =
(
Φ(t1)(v¯2ωq(t)
2 − 3) + KΦ
′(t1)
q
ωq(t)
2v¯2(25− 13ωq(t)2v¯2 + ωq(t)4v¯22)
)
e−
ωq(t)
2 ¯v2
2 (35)
We define v¯2 = P
2
m2 , which is the mean square coordinate velocity for distribution function of n¯. As we mentioned
earlier, dark matter particles are non relativistic and so v¯2/a2(t)≪ 1. For the particles that travel less than wavelength
of the modes between t1 and t, we can assume v¯2ωq(t)
2 ≪ 1. Then we have S = −3Φ(t1). In addition, at very late
time, where v¯2ω2q ≫ 1, S(t) is exponentially small and this memory effect of the early time will be erased. In the
between time, when v2ω2q ∼ 1, we can see that spatial curvature, shows itself in memory as second term of (35).
III. DAMPING OF PHOTONS DUE TO NON RELATIVISTIC MEDIUM
In the case of photons, we denote their distribution function by nij and the upper indices are due to photon’s
polarization. This function obeys the Boltzamann equation as:
∂tn
ij +
pk
p0
∂kn
ij +
plpm
2p0
∂kglm
∂nij
∂pk
+ (Γikλ −
pi
p0
Γ0kλ)
pλ
p0
nkj + (Γjkλ −
pj
p0
Γ0kλ)
pλ
p0
nki = Cij (36)
Here Cij is the collision term, which includes interactions of Thomson scattering of photons with electrons in the
plasma. Then, we can write the perturbed distribution function of photon as:
nij =
1
2
n¯(ap0)(gij − g
ikgjlpkpl
(p0)2
) + δnij (37)
We can follow the same procedure of the last section, now for photon distribution. Considering the metric perturbation
(10), the perturbed distribution function becomes: n¯ = n¯(p)− pipj2a2p n¯′(p)δgij . In addition, it will be easy to show that
n¯ satisfies the same relation as (16). Using this and Christoffel values of (4) streaming part of Boltzmann equation
would be:
d
dt
nij = ∂tδn
ij +
1
a
γklpˆl∂kδn
ij +
2K
a
pˆkplx
l ∂δn
ij
∂pk
− p
4a2
pˆi′ pˆj′ n¯
′∂t(a−2δgi
′j′)(γij − γikγjlpˆkpˆl) + 2 a˙
a
δnij (38)
The pˆi is the unit vector of pi, which is defined as pˆi ≡ pip . Furthermore, the collision part can be written as:
Cij =− ωcδnij + 3ωc
8π
∫
dpˆ1[δn
ij(xi, ppˆ1, t)− γikpˆkpˆlδnlj(xi, ppˆ1, t)− γjk pˆkpˆlδnil(xi, ppˆ1, t)
+ γikγjlpˆkpˆlpˆmpˆnδn
mn(xi, ppˆ1, t)]− ωc
2a3
pkδuk′γ
kk′ n¯′[γij − γilγjl′ pˆlpˆl′ ]
(39)
where the definition of p1 in above relation is :
p1 = p(1 +
(pˆ1 − pˆ)kδuk′γkk′
a
) (40)
6Our goal is to derive damping of acoustic waves in a homogeneous and time-independent plasma in a spatially curved
background. So we can consider a static universe a = 1 with spatial curvature as:
ds2 = −dt2 + γijdxidxj (41)
When the collision rate is much larger than sound frequency, we can also assume that ωc is time independent. This
assumption of static universe is permissible, because the damping effect would only be noticeable for deep inside the
horizon modes. So we can put our Boltzmann equation in this form:
∂tδn
ij + γklpˆl∂kδn
ij + 2Kpˆkplx
l ∂δn
ij
∂pk
= −ωcδnij + 3ωc
8π
∫
dpˆ1[δn
ij(xi, ppˆ1, t)− γjkpˆkpˆkpˆlδnil(xi, ppˆ1, t)
+ γikγjlpˆkpˆlpˆmpˆnδn
mn(xi, ppˆ1, t)]− ωc
2
pkδuk′γ
kk′ n¯′(γij − γilγjl′ pˆlpˆl′)
(42)
Then we can expand δnij(t, ~x, ~p) and δuj(t, ~x) like the mode expansions of (18). Because we want to consider the
acoustic modes deep inside the horizon, we can use the same approximation of the last section, x ≪ 1. After using
this expansion in equation (42), we get:
∫
d3p(ωc − iω + i~q.pˆ)δnij + 2iKpˆkpl ∂
∂pk
∂
∂ql
δnij = −ωc
2
n¯′p.δu(γij − pˆipˆj) + 3ωc
8π
∫
dpˆ1(δn
ij(ppˆ1)− pˆipˆlδnlj(ppˆ1)
− pj pˆlδnil(ppˆ1) + pˆipˆj pˆmpˆnδnmn(ppˆ1))
(43)
Then, we multiply pj with kk component of equation (43), so that we come to:
∫
d3p(ωc − iω + i~q.pˆ)pjδnkk + 2iK
∫
d3ppˆlpl′pj
∂
∂pl
∂
∂ql′
δnkk = −ωc
∫
d3ppjpkδukn¯
′ (44)
Using by part for derivative of pl, the second term of left hand side of equation (44) gives:
2iK
∫
d3ppˆlpl′pj
∂
∂pl
∂
∂ql′
δnkk = −2iK
∫
d3p(3pˆl′pj + pˆl′pj + pˆl′pj)
δnkk
∂ql′
= −10iK
∫
d3ppj pˆl′
δnkk
∂ql′
(45)
For simplifying the term on the right hand side of (44), we can write
∫
d3ppjpkn¯
′(p) = Hij . Contracting it with γij
gives :
γijHij =
∫
d3pp2n¯′(p) = −4
∫
d3ppn¯(p) = −4ρ¯γ (46)
In which ρ¯γ is photon energy density. So we have: Hij = − 43 ρ¯γγij . Using (45) and knowing Hij we can rewrite
equation (44): ∫
d3p(ωc − iω + i~q.pˆ)pjδnkk = 10iK
∫
d3ppj pˆl
∂
∂ql
δnkk +
4
3
ωcρ¯γδuj (47)
The stress tensor for photon distribution function is defined like this:
δT ij γ = γ
ii′
∫
d3pnkkppˆi′ pˆj , δT
0
j γ
=
∫
d3pnkkppˆj (48)
For Baryon we have: δTB
i
j = 0 and δTB
0
j = ρ¯Bδuj . Using momentum conservation, δT
0
j + δT
i
j = 0, we can write:
ωρ¯Bδuj = −
∫
d3pnkk(p)pˆj(pˆiqi − ω) (49)
With the help of (49), the equation (47) simplifies to:
(ωρB + i
4
3
ωcργ)δuj = i
∫
d3ppj(ωcδn
kk − i10Kpˆl ∂
∂ql
δnkk) (50)
7Now we can define form factors in this way:∫
d3ppδnij = ρ¯γ(Xδij + Y qˆiqˆj) (51)
∫
d3ppjδn
kk = ρ¯γZqˆj (52)
∫
d3pδnkkpjpj = ρ¯γ(V δij +Wqˆiqˆj) (53)
These integrals can be written in this way, because after integrating over ~p, the only parameter that contains direction
is qi. Using these form factors in equation (50) leads to:
(ωρ¯B + i
4
3
ωcρ¯γ)δuj = iωcρ¯γ qˆjZ +
10Kρ¯γ
q
∂
∂qˆl
(V δlj +Wqˆlqˆj) = iωcρ¯γZqˆj + 4W
qˆj
q
(54)
(1 − iωRtc)δuj = 3
4
qˆj(Z − i40Ktc
q
W ) (55)
where R =
3ρ¯γ
4ρ¯B
. From the relation (55), the perturbed velocity can be written: δuj =
3qˆj
4(1−iωtcR) (Z − i 40Ktcq W ).
Putting this back to equation (43), gives:
(ωc − iω + i~q.pˆ)δnij + 2iKpˆlpˆl′ ∂
∂pl
∂
∂qˆl′
δnij =
3ωc
8π
∫
d2pˆ1(δn
ij(ppˆ1)− pˆipˆlδnlj − pˆj pˆlδnil + pˆipˆj pˆmpˆnδnmn)
− ωc
2
n¯′(δij − pˆipˆj) 3qˆkpˆk
4(1− iωtcR)
(
Z − i40Ktc
q
W
) (56)
We can now integrate right hand side of equation (56) over dpp3 :
∫
dpp3RHS =
3ωc
8π
((δij − pˆipˆj)
(
X +
Z − i40Ktcq
1− iωtcR qˆkpˆk
)
+ Y (qˆi − pˆipˆ.qˆ)(qˆj − pˆj(pˆ.qˆ))) (57)
After using ∂∂pk = pˆk
∂
∂p , on the left hand side of (56), our Boltzmann equation becomes:
(ωc − iω + i~q.pˆ− 8iKpˆl ∂
∂ql
)
∫
dpp3δnij =
3ωc
8π
((δij − pˆipˆj)(X + 4
3
δukpˆk) + Y (qˆ
i − pˆi(pˆ.qˆ))(qˆj − pˆj(pˆ.qˆ)) (58)
We define the differential operator Q like this:
Q ≡ ω − ~q.pˆ+ 8Kpˆl ∂
∂ql
(59)
Using this definition, the Boltzmann equation (58) gives us:
4π
∫
dpp3δnij =
3ρ¯
2(1− iQtc) ((δij − pˆipˆj)(X +
Z − i40KtcW/q
1− iωtcR pˆ.qˆ) + Y (qˆ
i − pˆi(pˆ.qˆ))(qˆj − pˆj(pˆ.qˆ))) (60)
Then, expanding this equation to second order in tc gives:
4π
∫
dpp3δnij =
3
2
ρ¯γ
(
1 + iQtc − t2cQ2
)(
(δij−pˆipˆj)
(
X+(1+iωtcR−t2cω2R2)(Z−
i40Ktc
q
W )pˆ.qˆ
)
+Y (qˆi−pˆipˆ.qˆ)(qˆj−pˆj pˆ.qˆ)
)
(61)
We start by an ansatz that X and Z are of order O(t0c) and Y and W are of order O(tc). At the end we can check
that our ansatz was correct. So to second order of tc, we have:
4π
∫
dpp3δnij =
3
2
ρ¯γ
(
(δij − pˆipˆj)
(
X + itcQX − t2cQ2X + ((1 + itcωR− t2cω2R2)Z
− 40iK
q
tcW )pˆ.qˆ + itcZ(1 + itcωR)Qpˆ.qˆ − t2cZQ2pˆ.qˆ
)
+ (1 + itcQ)Y (qˆi − qˆipˆ.qˆ)(qˆj − pˆj pˆ.qˆ)
) (62)
8Now we should integrate them over d2pˆ. The calculation for each term of integration is written in the appendix. The
final result will be:
4π
∫
d3ppδnij = 4πργ(Xδij + Y qˆiqˆj) = 4πργ
((
X + itcXω − t
2
c
4
(2ω2 − 16K + q
2
5
)X +
8K
q
(itc − t2cω(1 +R))Z
+ (−2itcq
5
+
2t2cω(R + 2)q
5
)Z +
1 + iωtc
10
Y
)
δij +
(
− 1
10
t2cX +
itcq
5
Z − 3ωRZqt
2
c
5
+
7(1 + iωtc)
10
Y
)
qˆiqˆj
)
(63)
Equating the coefficients of γij and qˆiqˆj on each side correspondingly, will lead to:
X(itcω − ω2t2c + 8Kt2c −
2
5
q2t2c) +
1 + iωtc
10
Y + (
2q
5
(−itc + t2cωR+ 2ωt2c) +
8K
q
(−t2cω + itc − t2cωR))Z = 0 (64)
t2cq
2
5
X + (− 3
10
+
7i
10
ωtc)Y + (
itcq
5
− 2 +R
5
ωqt2c)Z = 0 (65)
In addition, using equation (52) and after expanding it to second order in power of tc we get:
4π
∫
d3pδniipj = 3ρ¯
∫
d2pˆpˆj
(
X +
Y
2
+ (Z + itcωRZ(1 + itcωR)− itc40KW
q
)pˆ.qˆ
+ itcQ(X + Y
2
itcQ(Z − Y
2
+ itcωRZ)pˆ.qˆ − t2cQ2X − t2cQ2Zpˆ.qˆ −
Y
2
pˆ.qˆ2
) (66)
After calculating the integrals of each term (which is written the appendix), we will get:
(−itcq + 2ωt2cq)X −
iqtcq
5
Y + (itcω(1 +R)− t2cω2(1 +R+R2)−
3
5
q2t2c + 24Kt
2
c)Z −
i40KtcW
q
= 0 (67)
At last, we can put the the system of equations derived for form factors into a matrix:


itcω − ω2t2c + 8Kt2c − 25q2t2c 1+iωtc10 2q5 (−itc + t2cωR+ 2ωt2c) + 8Kq (−t2cω + itc − t2cωR) 0
t2cq
2
5 − 3−7i10 ωtc itcq5 − 2+R5 ωqt2c 0
−itcq + 2ωt2cq − itcqω2 itcω(1 +R)− t2cω2(1 +R+R2)− 35q2t2c + 24Kt2c
0 0 0 − i40Ktcq




X
Y
Z
W

 = 0.
(68)
Setting the determinant of this matrix to zero and expanding it to first order in tc, we get the dispersion relation as:
− 5q2 + 15(1 +R)ω2 + 120K − itcω3(5 + 5R− 15R2) + 7iωtcq2 − 400iKωtc = 0 (69)
For solving the above dispersion relation, we split ω to real and imaginary part, ω = Ω + iΓ. Insert it in equation
(69) and set the real an imaginary part of the relations separately to zero, we get:
−q2(5+7tcΓ)+400K(3+10tcΓ)−15(1+R)Γ2+5(−1−R+3R2)tcΓ3+15(1+R)Ω2+15tcΓΩ2(1+R−3R2) = 0 (70)
− 400Ktc + 7q2tc + 30(1 +R)Γ− 15(−1−R+ 3R2)tcΓ25(1 +R− 3R2)tcR2 = 0 (71)
Now we can solve (71) for getting Ω:
Ω = ±
√
400Ktc − 7q2tc + 15Γ(−2− tcΓ + 3R2tcΓ−R(2 + tcΓ))
5tc(−1−R+ 3R2) (72)
Putting the solution for Ω back to equation (70) and solving it for Γ upto first power of tc we get:
Γ = − tcq
2
6(1 +R)
(
16
15
+
R2
1 +R
) +
4Ktc
1 +R
(3 +
R2
1 +R
) (73)
Inserting Γ back in equation (72) and expand it to first power of tc we will get:
Ω = ± 1√
3(1 +R)
√
q2 − 72K 3 + 3R+ R
2
−1−R+ 3R2 (74)
For checking our results, we can look at the limit of K → 0, where we get back the results for flat universe as it is
originally derived in [14].
9IV. HYDRODYNAMIC SOLUTIONS IN A SPATIALLY CURVED UNIVERSE
The 00-component of Einstein equation and conservation equations of energy and momentum are three coupled
differential equations which are sufficient for getting hydrodynamic solutions of cosmological perturbations. These
equations in synchronous gauge *1 in a curved spacetime are correspondingly:
− 4πG(δρ+ 3δp+∇2Πs) = ∂t(a2ψ), (75)
δp+∇2Πs + ∂t((ρ¯+ p¯)δu) + 3 a˙
a
(ρ¯+ p¯)δu+ 2KΠs = 0, (76)
δρ˙+ 3
a˙
a
(δρ+ δp) +∇2( 1
a2
(ρ¯+ p¯)δu+
a˙
a
Πs) + (ρ¯+ p¯)ψ = 0 (77)
where ψ is defined as ψ = 12 (3A˙ +∇2B˙). It is important to note that modification due to spatial curvature only
appears here in the form of 2KΠs. Ignoring Πs, we come to the same equations as we had in flat background. So the
known hydrodynamic solutions that was derived in [15] is applicable here. The fast mode solutions are:
δuγ =
a
√
3Rq
q(1 + R)3/4
e−
∫
ΓdtSin
(∫
Ωdt
a
)
(78)
δD = 48πGρ¯γ(2 +R)(1 +R)
3/4(
a
q
)2ROq e−
∫
ΓdtCos
(∫
Ωdt
a
)
(79)
Here, we should put what we find in (74) and (73) for frequency of oscillation Ω and damping factor Γ. Ignoring
photon and neutrino energy density combining equations (75),(76) and (77) we come to a second order differential
equation:
d
dt
(a2
d
dt
δM ) = 4πGa
2ρ¯MδM (80)
We can factorize the dependence of t and q by writing: δM = ∆(q)F (t), where ∆ satisfies:
∆(q) = βδγq(tL) + (1− β)δDq(tL)− tLψq(tL) + βtL
q2
a2
δuγq(tL) (81)
So the time evaluation of F (t) is:
d
dt
(a2
dF
dt
) = 4πGa2ρ¯MF (82)
with initial condition F → 35 ( ttL )2/3. From Friedman equation we have:
(
a˙
a
)2 =
8πG
3
(ρΛ + ρ¯M )− K
a2
(83)
Defining X ≡ ρΛρ¯M = ΩΛΩM ( aa0 )3, The Friedman equation can be written in terms of X :
a˙
a
= H0
√
ΩΛ
√
1 +
ΩK
Ω
1/3
Λ Ω
2/3
M
1
X2/3
+
1
X
(84)
*1 Scalar metric perturbation in synchronous gauge is defined like this ds2 = −dt2 + a2 ((1 +A)γij + ∂ijB)
10
X C(X) Closed C(x) Flat
0.1 1.0113 0.9826
0.2 1.0013 0.9667
0.3 0.9901 0.9520
0.5 0.9675 0.9256
0.7 0.9463 0.9025
1.0 0.9176 0.8725
1.5 0.8769 0.8314
2.0 0.8432 0.7981
2.5 0.8146 0.7702
3.0 0.7899 0.7462
3.5 0.7683 0.7254
TABLE I. The values of C(x) which is the effect of dark energy on growth of matter, as a function of X ≡ ΩΛ
ΩM
for closed and
flat spacetime, We use 2018 Planck data [1] for its calculation, which is ΩM = 0.315 and for closed case ΩK = −0.044.
With the help of (84), the differential equation (82) can be written in terms of X. Then the solutions as function of
X is:
F ∝
√
1 + ΩK
Ω
1/3
Λ Ω
2/3
M
X1/3 +X
X
∫ x
0
du
u1/6(1 + ΩK
Ω
1/3
Λ Ω
2/3
M
u1/3 + u)3/2
(85)
We know that F → 35 aaL at early times. In this way, we can set coefficient of proportionality and write:
F =
3
5
a(t)
aL
C(
ΩΛ
ΩM
(
a
a0
)3) (86)
where,
C(X) ≡ 5
6
X−5/6
√
1 +
ΩK
Ω
1/3
Λ Ω
2/3
M
X1/3 +X
∫ x
0
du
u1/6(1 + ΩK
Ω
1/3
Λ Ω
2/3
M
u1/3 + u)3/2
(87)
We can calculate this integral numerically. The result for different values of X is written in the Table I. As it can
be seen from the table, for the flat universe, C(X) just have a suppression effect on growth of matter due to dark
energy. In the closed case, for small values of X , C(X) gives enhancement and then it gives suppression.
Furthermore ignoring baryon’s effects (e.g. neglecting the terms of order β), from(81) we have ∆(q) = δDq(tL) −
tLψq(tL), then we would get the solution in the form of ∆(q) =
2q2nROn τ(κ)
3H2La
2
L
, the same as flat universe (where τ is transfer
function, tL =
2
3HL
and HL =
√
ΩMH0(1 + zL)
3/2). This will give us well-known hill-top shape power spectrum.
When we consider the effects of the baryons, then what is the dominant term in (81) for fast mode is βtL
q2n
a2 δuγ(tL),
so using the fast mode solution of (78),we can write the q dependent part of matter density as:
∆(q) ≈ βtL( q
aL
)2δuγ =
2βqROq√
3aLHL(1 +RL)3/4
e−
∫
ΓdtSin
(∫
qdt
a
√
3(1 +R)
(
1− 72K
q2
3 + 3R+R2
−1−R− 3R3
))
(88)
Here also we should use the modified form of Γ as (73). This is the well-known acoustic oscillation forced by baryon’s
effect.
V. CONCLUSION
In this work, first we write, Boltzmann equation for dark matter particles in a spatially curved spacetime. The
integral solution to this equation shows that memory of gravitational field at early time affects growth at later times.
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Specifically it is shown that spatial curvature modified this memory by the factor that is come in the last term of
(35). Then we write Boltzmann equation for photons and using it find a dispersion relation in the presence of spatial
curvature. This gives us damping factor and frequency of acoustic oscillations, as (73) and (74). In the last section
we discuss that spatial curvature doesn’t affect evolution of matter density in the hydrodynamic regime. It is because
spatial curvature appears only in terms proportional to Πs. As it is shown, in this hydrodynamic regime spatial
curvature does not affect q-dependent part of matter density, ∆(q). But for the time dependent part, in spite of the
fact that dark energy always gives a factor of suppression to the growth of matter in a flat universe, but here when
ratio of dark energy to matter is small it gives an enhancement and only when this ratio becomes larger, it changes to
suppression. When considering baryons, effects of spatial curvature shows itself in terms of modification of frequency
and damping parameters (the results of section III) of acoustic oscillations.
Appendix A: Further Computations
The useful identities for following calculation is: ∫
d2pˆ = 4π (A1)
∫
d2pˆpˆipˆj =
4π
3
δij (A2)
∫
d2pˆpˆipˆj pˆkpˆl =
4π
15
(δijδkl + δikδjl + δilδkj) (A3)
Here we write down the non-zero results of integration of each term in (62):
∫
d2pˆ(δij − pˆipˆj)X = 4πX(δij − 1
3
δij) =
8π
3
Xδij (A4)
itc
∫
d2pˆ(δij − pˆipˆj)OX = itcωXδij
∫
d2pˆ− itcXw
∫
d2pˆpˆipˆj =
8πitcXw
3
δij (A5)
−t2c
∫
d2pˆ(δij − pˆipˆj)O2X = −t2c
∫
d2pˆ(δij − pˆipˆj)(ω2X − 2ωqˆipˆjX + qˆiqˆj pˆipˆjX − 8KX)
= −t2c
8π
3
(ω2X − 8KX)δij − 16π
15
t2cq
2Xδij +
8π
15
t2cXq
2qˆiqˆj
(A6)
itcZ(1 + itcωR)
∫
d2pˆ(δij − pˆipˆj)Opˆ.qˆ = itcZ(1 + iωtcR)
∫
d2pˆ(δij − pˆipˆj)(ωpˆ.~q − pˆ.~qpˆ.~q + 8K
q
)
= itcZ(1 + iωtcR)(
8K
q
8π
3
δij − 16π
15
q2δij +
8π
15
q2qˆiqˆj)
(A7)
−t2c
∫
d2pˆ(δij − pˆipˆj)ZO2pˆ.qˆ = −t2cZ
∫
d2pˆ(δij − pˆipˆj)(−2ωqkqˆk′ pˆkpˆk′ + 8Kω
q
)
= −t2cZ(−2ω
4π
3
q2δij + 2ω
4π
15
q2(δij + 2qˆiqˆj) +
8Kω
q
8π
3
δij)
= −t2cZ(
32π
15
ωq2δij +
64πKω
3q
δij +
16π
15
ωqˆiqˆj)
(A8)
Y
∫
d2pˆ(qˆi − pˆipˆkqˆk)(qˆj − pˆj pˆk′ qˆk′ ) = 4π
15
Y (δij + 7qˆiqˆj) (A9)
12
itcY
∫
d2pˆO(qˆi − pˆipˆkqˆk)(qˆj − pˆj pˆk′ qˆk′) = itcY (28π
15
ωqˆiqˆj +
4π
15
ωδij) (A10)
The calculation of integration for each term in (66) is presented here:
(Z + iωtcRZ(1 + iωtcR)− itc40KW
q
)qˆi
∫
d2pˆpˆipˆj =
4π
3
((1 + iωtcR − ω2t2cR2)Z −
itc40KW
q
)qˆj (A11)
itc
∫
d2pˆpˆjO(X + Y
2
) = −4π
3
itc(X +
Y
2
)qˆj (A12)
−t2c
∫
d2pˆpˆjO2(X+Y
2
) = −t2c
∫
d2pˆpˆj
(
(X+
Y
2
)ω2−2ω(X+Y
2
)~q.pˆ+(X+
Y
2
)~q.pˆ~q.pˆ−8K(X+Y
2
)
)
=
8π
3
ωt2c(X+
Y
2
)qqˆj
(A13)
itc
∫
d2pˆpˆjO(Z + itcωRZ − Y
2
)pˆ.qˆ = itc
∫
d2pˆpˆj
(
ωqˆ.pˆ(Z − Y
2
+ itcωRZ)− ~q.pˆqˆ.pˆ(Z − Y
2
+ iωRtcZ)
+
8K
q
(Z − Y
2
+ iωRtcZ)
)
= itcω
4π
3
(Z − Y
2
+ itcωRZ)qˆj
(A14)
− t2c
∫
d2pˆpˆjO2Zpˆ.qˆ = −4π
( t2c
3
(ω2q − 8K(1 + q)) + t
2
c
5
q3
)
Z (A15)
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